
Abstract
Re�ection principle in one dimension
A two dimensional re�ection principle

Simulation algorithm
Complexity of the algorithm

Algorithms for general processes

Simulation of re�ected Brownian motion on two dimensional
wedges and re�ection principle

Pierre BRAS and Arturo KOHATSU-HIGA

Ecole Normale Supérieure / Sorbonne Université
Ritsumeikan University

17 décembre 2020

Pierre BRAS and Arturo KOHATSU-HIGA
Simulation of re�ected Brownian motion on two dimensional wedges and re�ection principle



Abstract
Re�ection principle in one dimension
A two dimensional re�ection principle

Simulation algorithm
Complexity of the algorithm

Algorithms for general processes

Abstract

Two dimensional Brownian motion in a wedge : re�ected and stopped

Give density formulas

(Exact) simulation algorithms

Complexity and approximations
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The re�ection principle in one dimension

(Wt) : standard Brownian motion in one dimension

(Xt) : re�ection of (Wt) with respect to 0

T > 0 : �nite horizon

Then :

Px (WT ∈ dy , τ0 > T ) = Px (WT ∈ dy ,WT > 0)

(
1− e−

x(x+y)
T

)
.

Px (XT ∈ dy) = Px (WT ∈ dy ,WT > 0)

(
1 + e−

x(x+y)
T

)
.

We can directly simulate WT1τ0>T and XT

Symmetry in the formula between killed and re�ected cases

Interpretation : We substract (resp. add) the trajectories such that WT = y
(resp. XT = y) but such that τ0 < T .
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Interpretation : We substract (resp. add) the trajectories such that WT = y (resp.
XT = y) but such that τ0 < T .
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Setting of the problem

Two dimensional wedge D of angle α ∈ (0, π)

(Wt) : two dimensional Brownian motion starting at x0 ∈ D
τ = inf{t > 0, Wt /∈ D}
(Xt) : the re�ection of (Wt) on the wedge D.

Remarks :

Up to a rotation, we can assume that (Wt) is non-correlated

Varadhan, Williams, Brownian motion in a wedge with oblique re�ection, 1985
=⇒ Existence of the re�ected process
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n(x2)x2

α

Figure � Example of wedge
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A two dimensional re�ection principle

Iyengar, Hitting lines with two-dimensional Brownian motion, 1985

Assume that α = π
m

for some m ∈ N?, and de�ne Tk for k = 0, ..., 2m − 1 :

Tk ((r cos θ, r sin θ)) :=(r cos(θk ), r sin(θk ))

θk :=

{
(k + 1)α− θ; k odd,

kα+ θ; k even.
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α = π
6

D

D1

D2

Tk : D → Dk

Figure � Partition of R2 using {Dk}k
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Density formulas for α = π
m

∀t > 0, x , y ∈ D, Px (Xt ∈ dy) =
1

2πt

2m−1∑
k=0

e−
|x−Tk y|

2

2t dy . (1)

∀t > 0, x , y ∈ D, Px (Wt ∈ dy , τ > t) =
1

2πt

2m−1∑
k=0

(−1)ke−
|x−Tk y|

2

2t dy (Iyengar)

(2)

Proof : let f : D → R+ be a test function, and let

u(t, x) := E [f (Xt)] .

Then u satis�es the partial di�erential equation with boundary conditions :

∂tu(t, x) = 1

2
∆u(t, x), (t, x) ∈ R+ ×D

u(0, x) = f (x), x ∈ D
∇u(t, x) · n(x) = 0, x ∈ ∂D.

(3)
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Density formulas for general α

With x = (r0 cos(θ0), r0 sin(θ0)) and y = (r cos(θ), r sin(θ)), we have :

Px (Xt ∈ dy) =
2r

tα
e−(r2+r20 )/2t

(
1

2
I0

(
rr0

t

)
+
∞∑
n=1

Inπ/α

(
rr0

t

)
cos

(
nπθ

α

)
cos

(
nπθ0

α

))
drdθ.

(4)

Px (Wt ∈ dy , τ > t) =
2r

tα
e−(r2+r20 )/2t

∞∑
n=1

Inπ/α

(
rr0

t

)
sin

(
nπθ

α

)
sin

(
nπθ0

α

)
drdθ. (5)

Bessel function : In is the modi�ed Bessel function of order n, solution of the
equation :

x2I ′′n (x) + xI ′n(x)− (x2 + n2)I (x) = 0.
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Proof : We write the formula for α = π
m

in polar coordinates :

Px (Xt ∈ dy) =
r

2πt
e−(r2+r20 )/2t

2m−1∑
k=0

e(rr0/t) cos(θ0−θk )dr dθ

And use the formulas

eγz = I0(z) + 2
∞∑
n=1

Tn(γ)In(z),

where Tn is the Tchebychev polynomial of order n, and

2m−1∑
k=0

cos(n(θ0 − θk )) =

{
2m cos(nθ) cos(nθ0) if n is a multiple of m

0 otherwise.

More rigorously, one need to check that with u(t, x) = E [f (Xt)], u satis�es :

∂tu(t, x) = 1

2
∆u(t, x), (t, x) ∈ R+ ×D

u(0, x) = f (x), x ∈ D
∇u(t, x) · n(x) = 0, x ∈ ∂D.

(6)

Pierre BRAS and Arturo KOHATSU-HIGA
Simulation of re�ected Brownian motion on two dimensional wedges and re�ection principle



Abstract
Re�ection principle in one dimension
A two dimensional re�ection principle

Simulation algorithm
Complexity of the algorithm

Algorithms for general processes

Simulation algorithm

We use the box method, where the box is a wedge of angle Θ = π
m
≤ α.

Starting from yn, we simulate the exit point of the wedge of angle Θ and
centered on yn.

If the simulated point is outside the domain D, then we re�ect it with respect to
the border of D.
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We need to simulate the stopping point and the stopping time.

We �rst simulate on which barrier ± we arrive

Metzler, Multivariate First-Passage Models in Credit Risk, 2008 : We simulate the
radius rτ as :

rτ =

 r0
(

cos (mθ0)− sin(mθ0)
tan((π−mθ0)(U−1))

)
1/m

if Wτ ∈ V−,

r0
(
− cos (mθ0)− sin(mθ0)

tan(mθ0(U−1))

)
1/m

if Wτ ∈ V+,
(7)

where U ∼ U([0, 1]).
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Metzler, On the �rst passage problem for correlated Brownian motion, 2010

Formula for the stopping time and the �nal point

Px (τ ∈ dt, Wτ ∈ dy±) =
1

2

∂

∂n±
Px (Wτ ∈ dy , τ > t)

=
r0

2πt2
e−

r2+r20
2t

m−1∑
k=0

sin
(
γ±k

)
e

rr0
t

cos
(
γ±
k

)
drdt,

with γ+ = α+ 2kπ
m
− θ0 and γ− = θ0 − 2kπ

m
.

This gives a formula to simulate according to the joint law of (Wτ , τ).

Problem : This is not a true mixture, as sin(γ±) can be negative. We use
acceptance-rejection method.
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Complexity of the algorithm

The number of iterations is the number of times the angle of a Brownian motion

in R2 goes from jπ
2m

to
(j±1)π
2m

, i.e.

τ̃i+1 := inf
{
t > 0, |θ(Bt+τ̃i )− θ(Bτ̃i )| ≥

π

2m

}
N ∼ inf{n ∈ N?, τ̃1 + ...+ τ̃n > T}.

We want to study the process θ(Bt)t , but it is not Markovian.

We use the skew-product representation :

Skew-product representation

Bt = RtUF (t), with


dRt = dB̂t + 1

2

dt
Rt

(Bessel)

F (t) =
∫ t
0

ds
R2s

(Ut) is a Brownian motion on S1
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Proposition : We have E[N] = +∞.

Proof : Denote si the successive stopping times that (θ(U)t) goes from jπ
2m

to
(j±1)π
2m

.

Then si are i.i.d. and
∑K

i=1
si = F

(∑K
i=1

τ̃i

)
. Then

E[N] =
∞∑

K=1

P(N ≥ K) =
∞∑

K=1

P

(
K∑
i=1

τ̃i ≤ T

)

=
∞∑

K=1

P

(
K∑
i=1

si ≤ F (T )

)
=
∞∑

K=1

∫ ∞
0

P

(
K∑
i=1

si ≤ y

)
P(F (T ) ∈ dy)

But E[F (T )] = E
[∫ T

0

ds
R2s

]
=∞, so E[N] =∞.
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Approximation algorithm

If, during the simulation algorithm,
r2n

T−Tn
< ε, then we approximate the

distribution by taking only the �rst term, and immediately terminates the
algorithm :

Pxn (XT ∈ dy) ≈
r

tα
e
− r2+r2n

2(T−Tn) I0

(
rrn

T − Tn

)
drdθ.

Proposition : For all p ∈ (1, 2), we have

E[N] ≤
C(p,T ,m)

εp−1

Proposition : We have dTV (X̄T ,XT ) = O(ε).
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Algorithms for general processes

We consider a di�usion process (Yt) re�ected in a wedge D.
We approximate (Yt) by its Euler-Maruyama scheme, giving a re�ected Brownian
motion with drift :

Ȳt = Ȳtk + tb(Ȳtk , tk ) + σ(Ȳtk , tk ) · Bt for t ∈ [tk , tk+1].

We apply the algorithm to simulate Ȳtk+1 ; the drift can be dealt using a Girsanov
change of measure.
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• Parameters : α = 0.9, r0 = 1, θ0 = 0.3, and f (r cos(θ), r sin(θ)) = r2.

E[f (Wτ )] 95 % interval Time (s) MC iterations
Metzler'algorithm 1.515 ± 0.074 4.40 10000

This paper 1.783 ± 0.074 5.12 20000

Table � Estimation of E[f (Wτ )]

• With T = 0.5 :

E[f (Wτ∧T )] 95 % interval Time(s) MC iterations
This paper 1.409 ± 0.057 1.69 2000

Table � Estimation of E[f (Wτ∧T )]

E[f (XT )] 95 % interval Time (s) MC iterations
Re�ected algorithm 1.950 ± 0.323 3.55 100

Approximation with ε = 0.02 2.135 ± 0.082 6.63 2000

Table � Estimation of E[f (XT )]
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