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Objective:  Minimize V/(x).
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Introduction
-

Optimization problem

Let V:R?I SR,

Objective:  Minimize V/(x).
xER

Examples:

@ Determining optimal allocation of resources to maximize production output while
minimizing costs.

@ Maximize the gains along a controlled time process with respect to the strategy.

© Minimize the error of a model to the true data for prediction and regression tasks.
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Example: Regression and Neural Networks

e Data (u;, v;) € R%n x R%ut (inputs
and outputs) for 1 </ < N with N > 1.
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Example: Regression and Neural Networks

e Data (u;, v;) € R%n x R%ut (inputs
and outputs) for 1 </ < N with N > 1.

e We want to find some formula
relation between the inputs and the outputs:

Find & : R%n — Rdut
such that: Vi, ®(u;) =~ v;. s
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Example: Regression and Neural Networks

e Data (u;, v;) € R%n x R%ut (inputs
and outputs) for 1 </ < N with N > 1.

e We want to find some formula
relation between the inputs and the outputs:

Find & : R%n — Rdut
such that: Vi, ®(u;) =~ v;. s

e We parametrize ¢ with a finite

number of parameters: {®, : x € R}. ~100
For example, affine parametrization:
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Dy o (U) = x1-u+x2, x1 matrix, x2 vector.
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Example: Regression and Neural Networks

e Data (u;, v;) € R%n x R%ut (inputs
and outputs) for 1 </ < N with N > 1.

e We want to find some formula
relation between the inputs and the outputs:

Find & : R%n — Rdut
such that: Vi, ®(u;) =~ v;. s

e We parametrize ¢ with a finite
number of parameters: {®, : x € R}. ~100
For example, affine parametrization:

-100 -75 -50 -25 00 25 50 75 100

Dy o (U) = x1-u+x2, x1 matrix, xa vector.

e Objective as an optimization problem: minimize the MSE:

N
1
min—g bx(u;) — vi|? =: min V(x).
erRle.le x(ui) =il x€RI ()
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Example: Regression and Neural Networks

o Neural Networks are families
of parametrized functions that can approximate many Hiddon Hidden Output

functions in practice (Cybenko, 1989), (AlexNet 2012). fnput layer 1 layer 2 layer
h?) h?)
@ @©
WA / ;'§1) ';,§2)
ul o O X *;,gz) 0
2 KX A e ';yz
3 X @/ 1Y
@ @
';,g) ;g‘)

Pierre BRAS Adaptive Gradient Langevin Algorithms 7/73



Introduction o gence o g gorithn
-

Example: Regression and Neural Networks

o Neural Networks are families
of parametrized functions that can approximate many

. _ . Input Hidden Hidden Output
functions in practice (Cybenko, 1989), (AlexNet 2012). layer 1 layer 2 layer
o Written Cy f”?)
as composition of linear and non-linear functions: /8 g

0 1 @K
Input: hg = u, ! 7 e fhs
‘ a0 0o
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Output: hx = ak - hx—1+ Pk = ¢(ak»ﬁk)o§k§K(u) PraaAN o o o)
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-

Example: Regression and Neural Networks

o Neural Networks are families
of parametrized functions that can approximate many

. h N _— Hidden Hidden Output
functions in practice (Cybenko, 1989), (AlexNet 2012). P layer 1 layer 2 layer
. h?) h?)
o Written ) N
as composition of linear and non-linear functions: /6 g
0 1 @K
Input: hg = u, ! 7 e fhs
il y hﬁl) Vi hﬁ’) o
d O
hi = p(ak - h—1+ Bk) €ER%, 1 < k<K -1, é e e °
Output: hx = ax - hk_1 + Bk =: ¢(ak»ﬁk)o§k§K(u) . o o o
where \N@ 2\S
@ ¢ is a non-linear function applied coordinate-wise, h) iy

o (dy) is a sequence of dimensions,

o (ak)k are matrices and
(Bk)k are vectors parametrizing the neural network.
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Example: Computation of quantiles and VaR

For Z some random

variable, the quantile of order « € [0,1] is
0.40 —— Density

-=-- VaR 5%

Go :=influeR: P(Z<u)>a}. 03

Return
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-

Example: Computation of quantiles and VaR

For Z some random
variable, the quantile of order « € [0,1] is

—— Density
-=-- VaR 5%

Go :=inf{lueR: P(Z < u)>a}. 0% é
0.30 :
0.25 g
EOZU g
Following (Uryasev and s !
Rockafellar, 2001) we have the characterization: oo i
1 0.05
Go = argmin E |x + ——(Z = x)4 ,
xER 11—«

Return

where (-)+ denotes the positive part.
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Example: Stochastic control

o Dynamical stochastic system Y; depending on some control u; with Brownian
motion W;:
dY{ = b(Y{, ur)dt + (Y, ur)dWe, t € [0, T].
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Example: Stochastic control

o Dynamical stochastic system Y; depending on some control u; with Brownian

motion W;:
dY{ = b(Y{, ur)dt + (Y, ur)dWe, t € [0, T].

o We choose the control to achieve
-
min J(u) = E [/ G(Y)dt + F(YY)
u 0

where G and F are some scalar functions.
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Example: Stochastic control

o Dynamical stochastic system Y; depending on some control u; with Brownian

motion W;:
dY{ = b(Y{, ur)dt + (Y, ur)dWe, t € [0, T].

o We choose the control to achieve
-
min J(u) = E [/ G(Y)dt + F(YY)
u 0

where G and F are some scalar functions.
o We can parametrize u by some neural network with parameter x:

ur = ux(t, Yt)

and obtain an optimization problem on x with V/(x) = J(ux).
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@ Stochastic gradient descent algorithm
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Introducnon

Gradient Descent Algorithm (GD)

Gradient descent algorithm: Assuming that V € C!, for each iteration compute the
gradient and "go down" the gradient with non-increasing positive step sequence (yx):

Gradient Descent Algorithm

With initialization xp € R? and step sequence (vx):

Xnt1 = Xn — Yn+1V V(Xn).
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Introducnon

Gradient Descent Algorithm (GD)

Gradient descent algorithm: Assuming that V € C!, for each iteration compute the
gradient and "go down" the gradient with non-increasing positive step sequence (yx):

Gradient Descent Algorithm

With initialization xo € R? and step sequence ():
Y

Xnt1 = Xn — Yn+1V V(Xn).

L L L
X0 *

= Greedy algorithm: focus on local improvements around the current position at
each iteration.
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Example of Gradient Descent

® 5GD0.05
e Adam0.05

e RMsprop 0.02
o Adadelta 10.
e Adagrad 0.1

Figure: Example of different variants of gradient descent algorithms with

V(x,y) = —sin(x?) cos(3y2)e7’<2y2 — e )?
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Stochastic Gradient Descent (SGD)

In many practical cases, it is not possible to compute the true gradient VV/(x,) at
each iteration:
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Stochastic Gradient Descent (SGD)

In many practical cases, it is not possible to compute the true gradient VV/(x,) at
each iteration:

© In big data applications with amount of data N > 1:

1 N
V() = D Vix).
i=1
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Stochastic Gradient Descent (SGD)

In many practical cases, it is not possible to compute the true gradient VV/(x,) at
each iteration:

© In big data applications with amount of data N > 1:
1N
14 = — Vi(x).
() = 7 2o Vit

@ In applications with some continuous random variable Z:
V(x) =Ez[v(x, Z)]

with no close form expression of the expectation.
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-

Stochastic Gradient Descent (SGD)

In many practical cases, it is not possible to compute the true gradient VV/(x,) at
each iteration:

© In big data applications with amount of data N > 1:
1N
14 = — Vi(x).
() = 7 2o Vit

@ In applications with some continuous random variable Z:
V(x) =Ez[v(x, Z)]

with no close form expression of the expectation.
© Remark: in the 1st case we can also write:

V(x) =Ez[v(x,2)], Ze€{l,...,N}, v(x,Z)= Vz(x).
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— In both cases we write

V(x) =Ez[v(x, Z)].
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— In both cases we write

V(x) =Ez[v(x, Z)].

Stochastic Gradient Descent Algorithm

With initialization xo € R? and step sequence (vk):

Xn+1 = Xn — Y41 VV(Xn, Znt1),
Zn~ 27 iid..
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Introduction

— In both cases we write

V(x) =Ez[v(x, Z)].

Stochastic Gradient Descent Algorithm

With initialization xo € R? and step sequence (vk):

Xn41 = Xn — Yn+1VV(Xn, Zny1),

Zy~Z iid..
b

Stochastic Gradient Descent Algorithm, Mini-Batch version

With initialization xo € RY and step sequence (x):

M
1 )
Xn+1 = Xn — Yn+1 M E VV(Xnv Zrlw+1)7
i=1

Zi~ 7 iid.
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Introduction

— In both cases we write

V(x) =Ez[v(x, Z)].

Stochastic Gradient Descent Algorithm

With initialization xo € R? and step sequence (vk):

Xn41 = Xn — Yn+1VV(Xn, Zny1),
Zn~ 27 iid..

Stochastic Gradient Descent Algorithm, Mini-Batch version

| \.

With initialization xo € RY and step sequence (x):

M
1 )
Xn+1 = Xn — Yn+1 M E VV(Xnv Zrlw+1)7
i=1

Zi~ 7 iid.

Introduced in (Robbins and Monro, 1951); Robbins-Siegmund Lemma of convergence
(Robbins and Siegmund, 1971).
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-

Problem: traps for gradient descent

The gradient descent x, can be trapped in a local (but not global) minimum (e.g. if
V is not convex):

X0 x* X0 *
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Langevin Equation

e \We add a white noise to x5, hoping to escape traps and explore:
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Langevin Equation

e \We add a white noise to x5, hoping to escape traps and explore:

Stochastic Gradient Langevin Dynamics (SGLD), (Welling and Teh, 2011)

Xn41 = X0 — Yar1VV(Xa) ++/An110€nt1,
&nt1 ~ N(0,1ly), o > 0.
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Langevin Equation

e \We add a white noise to x5, hoping to escape traps and explore:

Stochastic Gradient Langevin Dynamics (SGLD), (Welling and Teh, 2011)

Xn41 = X0 — Yar1VV(Xa) ++/An110€nt1,
&nt1 ~ N(0,1ly), o > 0.

The noise is exogenous and scales as /vn+1-

e The continuous version becomes:

Langevin equation

dXs = —VV(X)ds +adW,

where (Ws) is a Brownian motion.

e Its invariant measure is the Gibbs measure

Vo (x)dx o e=2V(9/7% gy
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Langevin Equation

e \We add a white noise to x5, hoping to escape traps and explore:

Stochastic Gradient Langevin Dynamics (SGLD), (Welling and Teh, 2011)

Xn41 = X0 — Yar1VV(Xa) ++/An110€nt1,
&nt1 ~ N(0,1ly), o > 0.

The noise is exogenous and scales as /vn+1-

e The continuous version becomes:

Langevin equation

dXs = —VV(X)ds +adW,

where (Ws) is a Brownian motion.

e Its invariant measure is the Gibbs measure
2
Vo (x)dx oc e 2V 0/ g
e For small o, v, is concentrated around argmin(V):
Solve the Langevin equation = approximation of v, = approximation of

argmin( V).
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Introduction
-

Bayesian inference and sampling from distribution

Stochastic algorithms are also used for sampling from a probability measure.

o Given data uy,...,uy with N > 1, we consider a family of probability
distributions {p(u|x)du: x € R} and a prior densities po(x)dx. Then the
posterior distribution on x, p(x|u1,...,uy), has density proportional to

Po()p(ua]x) ... plun|x) =t eV,
V(x) := —log(po(x)) — log(p(u1|x)) — - - — log(p(un|x)),

which is invariant measure of dXs = —VV/(x)ds + V2dWs (Welling and Teh,
2011).
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Bayesian inference and sampling from distribution

Stochastic algorithms are also used for sampling from a probability measure.

o Given data uy,...,uy with N > 1, we consider a family of probability
distributions {p(u|x)du: x € R} and a prior densities po(x)dx. Then the
posterior distribution on x, p(x|u1,...,uy), has density proportional to

Po(x)p(u1|x) . . p(unlx) =: =V,

V(x) := —log(po(x)) — log(p(u1]x)) — - - - — log(p(un|x)),
which is invariant measure of dXs = —VV/(x)ds + V2dWs (Welling and Teh,
2011).

o (Lamberton and Pagés, 2002, 2003) introduce and analyze sampling from a
probability measure v as invariant measure of dX: = b(X:)dt + o(X:)dW;:
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Bayesian inference and sampling from distribution

Stochastic algorithms are also used for sampling from a probability measure.

o Given data uy,...,uy with N > 1, we consider a family of probability
distributions {p(u|x)du: x € R} and a prior densities po(x)dx. Then the
posterior distribution on x, p(x|u1,...,uy), has density proportional to

Po(x)p(u1|x) . . p(unlx) =: =V,

V(x) := —log(po(x)) — log(p(u1]x)) — - - - — log(p(un|x)),
which is invariant measure of dXs = —VV/(x)ds + V2dWs (Welling and Teh,
2011).

o (Lamberton and Pagés, 2002, 2003) introduce and analyze sampling from a
probability measure v as invariant measure of dX: = b(X:)dt + o(X:)dW;:

)_<,,+1 = )_<n + 'y,,+1b()_<n) + \/’y,,+10'()_<n)U,,+1, Up ~ ./\/(0, Id) iid.,
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:

Xnt1 = Xn — Y1 VV(xn) + a(v1 4+ - +vnr1)ov/Tor1bnr1,  Envr ~ N(0,1g),

where a(t) is decreasing and a(t) 2 0.
oo
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:
Xp+1 = Xn = Y1 V'V (x0) + a(v1 + -+ Yor1)oy/Tnri€nrt,  Enrr ~ N(0, lg),

where a(t) is decreasing and a(t) 2 0.
oo

The continuous version becomes :

Langevin-Simulated Annealing Equation

dX; = —VV(Xt)dt 4 a(t)ath,
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:
Xp+1 = Xn = Y1 V'V (x0) + a(v1 + -+ Yor1)oy/Tnri€nrt,  Enrr ~ N(0, lg),

where a(t) is decreasing and a(t) 2 0.
oo

The continuous version becomes :

Langevin-Simulated Annealing Equation

dX; = —VV(Xt)dt 4 a(t)ath,

o The 'instantaneous’ invariant measure V), (dx) o< exp (—2V(x)/(a*(t)o?))
converges itself to argmin(V)
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:

Xnt1 = Xn — Y1 VV(xn) + a(v1 4+ - +vnr1)ov/Tor1bnr1,  Envr ~ N(0,1g),

where a(t) is decreasing and a(t) 2 0.
oo

The continuous version becomes :

Langevin-Simulated Annealing Equation

dX; = —VV(Xt)dt 4 a(t)ath,

o The 'instantaneous’ invariant measure V), (dx) o< exp (—2V(x)/(a*(t)o?))
converges itself to argmin(V)

o Schedule a(t) = Alog—1/2(t) then X; =2 argmin(V) in law (Chiang et al.,
o0
1987; Miclo, 1992)
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Langevin Simulated Annealing

o Another possibility : make o — 0 while iterating the algorithm:

Xnt1 = Xn — Y1 VV(xn) + a(v1 4+ - +vnr1)ov/Tor1bnr1,  Envr ~ N(0,1g),

where a(t) is decreasing and a(t) 2 0.
oo

The continuous version becomes :

Langevin-Simulated Annealing Equation

dX; = —VV(Xt)dt 4 a(t)ath,

o The 'instantaneous’ invariant measure V), (dx) o< exp (—2V(x)/(a*(t)o?))
converges itself to argmin(V)

o Schedule a(t) = Alog—1/2(t) then X; =2 argmin(V) in law (Chiang et al.,
o0
1987; Miclo, 1992)
o (Gelfand and Mitter, 1991): the convergence of the algorithm (x,) .
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Convergence of Langevin Simulated Annealing with Kullback-Liebler
divergence

dX: = —VV(X:)dt + a(t)odWs, J

Idea of proof in (Miclo, 1992):
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Convergence of Langevin Simulated Annealing with Kullback-Liebler
divergence

dX; = —VV(X¢)dt + a(t)odW, J

Idea of proof in (Miclo, 1992):
o We consider the KL-divergence:

Va(e)(x

Je = drL (Xellvag) = /]Rd log <p(t7X))> p(t, x)dx,

with p(x, t) the density of X;.
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Convergence of Langevin Simulated Annealing with Kullback-Liebler
divergence

dX; = —VV(X¢)dt + a(t)odW, J

Idea of proof in (Miclo, 1992):
o We consider the KL-divergence:

t,x
i = d (llge) = [ tog (221 e
RI Va(e) (%)
with p(x, t) the density of X;.

o Fokker-Planck equation:

Oup(tx) = ¥ - (VV(p(t,x)) + 322 (6)Ap(t,x)

o Log-Sobolev inequality:

/Rd 2 log(f2)dvy(ry < C/Rd IVFPdva) + (/Rd fzdua(t)) log (/Rd fzdua(t))

o Using integration by parts on d.7/dt, we obtain a bound and the convergence of
Jt to 0.
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Multiplicative noise and Adaptive algorithms

o Noise 0 > 0 = isotropic, homogeneous noise = not adapted to V.
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o Extensively used in Machine Learning without theoretical guarantee.
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Multiplicative noise and Adaptive algorithms

o Noise 0 > 0 = isotropic, homogeneous noise = not adapted to V.
o Instead : o(X;) is a matrix depending on the position.

o Extensively used in Machine Learning without theoretical guarantee.

d
dY: = —(o0 " VV)(Y2)dt + a(t)o(Ye)dW: + | 22(t) | D 8i(oo " )(Ye) dt
J=a 1<i<d

correction term T (Y;)

a(t) = A/+/log(t).
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Multiplicative noise and Adaptive algorithms

o Noise 0 > 0 = isotropic, homogeneous noise = not adapted to V.
o Instead : o(X;) is a matrix depending on the position.

o Extensively used in Machine Learning without theoretical guarantee.

d
dY: = —(o0 " VV)(Y2)dt + a(t)o(Ye)dW: + | 22(t) | D 8i(oo " )(Ye) dt
J=a 1<i<d

correction term T (Y;)

a(t) = A/+/log(t).

o Correction term so that v,y o exp (—2V/(x)/a%(t)) is still the "instantaneous"
invariant measure (Li et al., 2016; Pagés and Panloup, 2023).
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a

Objectives

I: Convergence of adaptive Langevin algorithms

o Convergence of the Langevin equation Y; with multiplicative noise to argmin(V)
as well as the discretized scheme Y;.

o Weak convergence for Wasserstein-1 and Total Variation.

o For D = W; or dry and v* being the target measure, we have

D( Yt, V*) < D(Yi” Va(t)) + D(Va(t)’ V*)'

II: Adaptive Langevin algorithms for deep neural networks

o Implement Langevin algorithms for different choices of o (Adam, RMSprop,
Adadelta etc) and compare with their corresponding non-Langevin counterpart.

o Investigate the benefits of Langevin algorithms on very deep learning.
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© Convergence of adaptive Langevin-Simulated Annealing algorithms
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© Convergence of adaptive Langevin-Simulated Annealing algorithms
o Convergence of Langevin-Simulated Annealing algorithms for Wi and dtv
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Convergence of Langevin algorithms
-

Convergence of Langevin-Simulated Annealing algorithms for W, and dtv

o Pierre Bras and Gilles Pagés. Convergence of Langevin-Simulated Annealing
algorithms with multiplicative noise. Mathematics of Computation, 2023.

o Pierre Bras and Gilles Pagés. Convergence of Langevin-Simulated Annealing
algorithms with multiplicative noise Il: Total Variation. Monte Carlo Methods and
Applications, 29(3):203-219, 2023.

Pierre BRAS Adaptive Gradient Langevin Algorithms 30/73



Convergence of Langevin algorithms
-

Objectives and assumptions

d
dY: = —(00 T VV)(Ye)dt + a(t)o(Ye)dW: + | 22(t) | D 8i(oo T )(Ye) dt
J=d 1<i<d

correction term T (Y;)

a(t) = A//log(t),

Va(t) < exp (—2V/(x)/a%(t)) instantaneous invariant measure, v* = lim va.
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Convergence of Langevin algorithms
-

Objectives and assumptions

d
dY; = —(o0 T VV)(Ye)dt + a(t)o(Ye)dW: + | a2(t) {Za, oo " )(Ye) U} dt
J=d 1<i<d

correction term T (Y;)

a(t) = A//log(t),

Va(t) < exp (—2V/(x)/a%(t)) instantaneous invariant measure, v* = lim va.

Prove the convergence of Y; to v* for Wi and dyy:

Wi(X,Y) =sup {[E[f(X)] —E[f(Y)]] : [flLip =1},

drv(X,Y) = sup { [E[F(X)] — E[f(Y)]] : sﬂ;ldp f= 1} .
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Convergence of Langevin algorithms
-

Objectives and assumptions

d
dY: = —(00 T VV)(Ye)dt + a(t)o(Ye)dW: + | 22(t) | D 8i(oo T )(Ye) dt
J=d 1<i<d

correction term T (Y;)

a(t) = A//log(t),

Va(t) < exp (—2V/(x)/a%(t)) instantaneous invariant measure, v* = lim va.

Prove the convergence of Y; to v* for Wi and dyy:

Wi(X,Y) =sup {[E[f(X)] —E[f(Y)]] : [flLip =1},

drv(X,Y) = sup { [E[F(X)] — E[f(Y)]] : sﬂl;dp f= 1} .

Important assumptions (Pagés and Panloup, 2023):
@ V is strongly convex outside some compact set, VV is Lipschitz.
@ o is bounded and elliptic: oo T > ogly, oo > 0.
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Convergence of Langevin algorithms
-

Domino strategy

o (Pagés and Panloup, 2023): convergence of the Euler scheme of a general SDE
dX: = b(Xt)dt + o(X¢)dW; to the invariant measure v*.
o Domino strategy: (Pagés and Panloup, 2023) for f 1-Lipschitz, P!, P2 kernels of
processes X, Y, (vn) step sequence and ', := 1 + - - - + yn, we have:
Wi(Yr,, Xr,) < [EF(Yr,) — EF(Xr,)I
=|P2 00 P2 f(x)— Pf f(x)]

n
Z P'zu o0 P’2Yk—1 °© (P'%’k - P'lvk) © Pfln*rk f(x)
k=1

n
2 2 2 1 1
<> [P oo P2 o (P~ PL)o P L F(x)|,
k=1

0 Mo Thir Iy

| | | | | | | | | | |

I 1 <> 1 1 1 1 1 1 1
Yk+1
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Convergence of Langevin algorithms
-

Domino strategy

o (Pagés and Panloup, 2023): convergence of the Euler scheme of a general SDE
dX: = b(Xt)dt + o(X¢)dW; to the invariant measure v*.
o Domino strategy: (Pagés and Panloup, 2023) for f 1-Lipschitz, P!, P2 kernels of
processes X, Y, (vn) step sequence and ', := 1 + - - - + yn, we have:
Wi(Yr,, Xr,) < [EF(Yr,) — EF(Xr,)I
=|P2 00 P2 f(x)— Pf f(x)]

n
Z P'zu o0 P’2Yk—1 °© (P'%’k - P'lvk) © P#n*rk f(x)
k=1

n
<Y |Phioo Pl o (P = PL) o Bl ()
k=1

0 Mo Thir Iy

| | | | | | | | | | |

I 1 <> 1 1 1 1 1 1 1
Yk+1

In the sum we bound two types of terms:
© For large k = Error in small time = use bounds for || X7 — Y|,
@ For small k = Ergodic properties (Eberle, 2016; Wang, 2020).
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Convergence of Langevin algorithms
-

Contraction property with ellipticity parameter a

e Problem: non-homogeneous Markov chain + the ellipticity parameter fades away in

a(t).

—> What is the dependency of the constants C and p in the ellipticity ?
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Convergence of Langevin algorithms
-

Contraction property with ellipticity parameter a

e Problem: non-homogeneous Markov chain + the ellipticity parameter fades away in
a(t).

—> What is the dependency of the constants C and p in the ellipticity ?
Consider dX; = b(X:)dt + ac(X¢)dW;, a > 0 with invariant measure v, and with
c a 2 2
vx,y € B(0, R)%, (b(x) = b(y), x =y} + —lo(x) = a(y)|I” < —alx = y|*.

Then

Wl(X;(,Xg/) S Cecl/22|X = y|eip"t, Pa = 67C2/32

Wi (XZ,va) < CeC1/32e_pat]E|Va — x|
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Convergence of Langevin algorithms
-

"By plateaux" process

We first consider the plateau SDE:

dXe = —o0 | VV(Xe)dt + ant10(Xe)dWs + a2, T(Xe)dt, t € [Ta, Thi1),
an = Alog ~Y/2(T,)
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Convergence of Langevin algorithms
-

"By plateaux" process

We first consider the plateau SDE:

dXe = —o0 | VV(Xe)dt + ant10(Xe)dWs + a2, T(Xe)dt, t € [Ta, Thi1),
an = Alog ~Y/2(T,)

We apply the contraction property on every plateau:

2
Wi (XTn+17V‘3n+1 IX7,) < CeC1/ani1 e Pans1 (T =Tn) [‘Vanﬂ — X7, | |XT,,] .
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Convergence of Langevin algorithms
-

"By plateaux" process

We first consider the plateau SDE:

dXe = —o0 | VV(Xe)dt + ant10(Xe)dWs + a2, T(Xe)dt, t € [Ta, Thi1),
an = Alog ~Y/2(T,)

We apply the contraction property on every plateau:

2
Wi (XTn+17V‘3n+1 IX7,) < CeC1/ani1 e Pans1 (T =Tn) [‘Vanﬂ — X7, | |XT,,] .

We integrate over the law of X1, giving

2 _
) < Ce€t/%hi1 e Panta (Tora=Tw)yp, (X;(.:, Vania)

Wy (X0

X
T Vant1

< CeC1/aﬁ+1 e Pans1 (Tnra—Th) (Wl(X;—‘:f Vay) + W1 (Vaps Vapiq )) .
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Convergence of Langevin algorithms
-

"By plateaux" process

We first consider the plateau SDE:
dXe = —o0 | VV(Xe)dt + ant10(Xe)dWs + a2, T(Xe)dt, t € [Ta, Thi1),
an = Alog™Y/2(T,)

We apply the contraction property on every plateau:

2
Wi (XTn+17V‘3n+1 IX7,) < CeC1/ani1 e Pans1 (T =Tn) [‘Vanﬂ — X7, | |XT,,] .

We integrate over the law of X1, giving

2 _
) < Ce€t/%hi1 e Panta (Tora=Tw)yp, (X;(.:, Vania)

Wy (X0

X
T Vant1

2
< Ce€1/%ni1 e Pansa (Tt —Th) (Wl(X;—‘:f Vay) + W1 (Vaps Vapiq )) .
And we iterate:

Wh (Xf,i:“ ) Van+1) < pinri Wi (vay, Van+1) + Nn+1,UnW1(Van71 sVap) + o
+ Hnt1 - #IWI(Vao, l’a1) + pntr - H1W1(5X07V90)7

fin = CeC1/@ e=Pan(Ta=Tn—1),
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Convergence of Langevin algorithms
(J

a(t)

T1 T2 T3 Ta

Wl(X;:H » V3n+1) < ppnriWi(Va,, Van+1) + Nn+1#nW1(Van_1 sVap) + o
+ fnt1 - MlWl(Vao, Val) + Mnt1 e M1W1(5X07Vao)7

pin = CeC/%e=Pan(To=Too1) ) o=Ca/a}

We use (technical)
Wl(l’anv Van+1) < C(an - 3n+1)~
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Convergence of Langevin algorithms
(J

a(t)

T1 T2 T3 Ta

VVl(X;(,’,+1 sVania) < ntaWi(Vays Vapiq ) + Bt 1 taWi1(Vay_yq 5 Va,) + -0
+ pnt1 o paWi(Vag, Vay ) + a1 - 11 Wi (x5 Vao )
Ln = Cecl/aﬁe_pa,,(Tn_Tn—l)’ Pay = e C2/ah
We use (technical)
Wi (va,,, Van+1) < C(an — ant1)-
We now choose

A

V/og(Ty)’

Tot1— Th = CnB,B >0, ap= A > 0 large enough

yielding
WI(X;(—:HvVanH) < C(l + |X0|)Mn3n=
where p, = O (exp(—Cn")).
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Convergence of Langevin algorithms
(J

@ This gives the convergence of X; to its instantaneous invariant measure.

o To get the convergence of X; to v*, we rely to classical bounds on Wi (va,, v*)
(see later).
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Convergence of Langevin algorithms
-

Convergence of Y; with continuously decreasing (a(t))

o We apply domino strategy to bound Wi (X¢, Yi):

Tn Tn+1
| | | | | | | | | | |
I | > — | | | | | 1
v 7—nvl - T

e For f Lipschitz-continuous and fixed T > 0:

[BFOXED, 1) —EF(YE, 7,7

Tt

W(Tat1—=Ta=T)/~]

Y Y X, X,
< > Playr, © (P gty = P 0 PRI 1 F00)|
k=1
[(Th+a—Tn)/~] v v « “
,n
+ P(kfl)'v,Tn © (P’Y’Tn+(k*1)'}’ -F ") o PTn+1*Tn*k'Yf(X))

k=(Tota=Ta=T)/v]+1
eFor k=1,...,(Tht1 — Tn— T)/7, the kernel P;—(n’flf-rn*k"/ has an exponential
contraction effect on time > T:
[(PY 7s ey =P OPT T iy PO < Ceramirempria(Toa=To=kD[f] 1, /5 (an—ani1)
e Bounds for the error on time intervals no longer than T:
TV (x)

V Totr — Th — ky
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Convergence of Langevin algorithms
(J

o We apply on the time interval [Ty, Th+1] and obtain the recursive inequality

L -
WIXT" g YT, 7,) S CeP3 (a0 — ania)p,y V(X).

=:An+1

. ) _ yXo.
With x, = XT,,' Yn = YT,,'
X0 X0 — Xn,N Yn
Wi (XTnH’ YTn-1) =W (XTn+1*Tn’ YTn+1*Tn,Tn)

< Xn,N Yn,n Yn,n Yn
SWIXE e X ) T X YT

_2 —2
< Ce“rani1e=Prta(Tor1—Tn) Wl(Xﬁ, y;g) + Ce©G?ni1(a, — an+1)P;+l1 EV/( y;_:)’

Hnt1

Ant1
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Convergence of Langevin algorithms

The convergence is controlled by
Any1 = Cecla"irzl (an — 3n+1)p;+11
with
N A
" V/log(Th)
Tpy1 ~ CnPt?
1
nlog3/2(n)

Q13,1 ~ B+ G/ A2

an — apt+1 X

pit = C2aa ~ p(B+1)Ga /A

— A, = p—(I=(BH1)(C1+C2)/A%)

and we choose A large enough such that
1— (B4 1)(C1+ G)/A% > 0.

Then:
’XXO ) + WI(X;(':+17VBn+1)

Thia

Wi(Y, vana) SWI(YPE
S Cv(xo)n—(l—(ﬂ+1)(cl+cz)/A2)

WY ") SWI(YR LX)+ Wi(XP,v7) S CV(x0)an

1’ Thya
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Convergence of Langevin algorithms
-

Plan of the proof

o Ellipticity parameter a(t) — 0 = we rework the dependency of the ergodic
bound in the ellipticity for a general SDE.
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Convergence of Langevin algorithms
-

Plan of the proof

o Ellipticity parameter a(t) — 0 = we rework the dependency of the ergodic
bound in the ellipticity for a general SDE.

@ We then prove the convergence for the auxiliary "by plateau" process:
dXe = —00 | VV(Xe)dt + app10(Xe)dWs + 22,1 T(Xe)dt, t € [Tn, Toia),
an = Alog=Y/2(T,),
and obtain ergodic bounds for Wi (Xt,,,,va,,,); then

Wa(XT,,v*) < Wi(X1y,v,) + Wi (v, v*) = 0.
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Convergence of Langevin algorithms
-

Plan of the proof

o Ellipticity parameter a(t) — 0 = we rework the dependency of the ergodic
bound in the ellipticity for a general SDE.

@ We then prove the convergence for the auxiliary "by plateau" process:
dXe = —00 | VV(Xe)dt + app10(Xe)dWs + 22,1 T(Xe)dt, t € [Tn, Toia),
an = Alog=Y/2(T,),
and obtain ergodic bounds for Wi (Xt,,,,va,,,); then

Wa(XT,,v*) < Wi(X1y,v,) + Wi (v, v*) = 0.

o We then use the domino strategy to give bounds on Wi (Xr,, Y7,):

W]_(YTn,I/*) < W]_(YTn,XTn) +W1(XTn,l/*) — 0.
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Convergence of Langevin algorithms
-

Convergence of the Euler scheme with decreasing steps

Euler-Maruyama scheme

Yo = Vi, (ba(rn)(\_’rx,‘,’) + o (V7O ) +a(Tn)o(Y20) (W, — Wr,)
~Ynt+1 decreasing to 0, Z% = oo, Zﬁ <00, Th=9y1+:~+7n,
n n

Vx, E[¢n(x)] =0 (mini-batch noise).

— Same strategy of proof.
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Convergence of Langevin algorithms
-

tal variation case

@ Proofs are similar with Wj distance.
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Convergence of Langevin algorithms
-

Total variation case

@ Proofs are similar with Wj distance.

o Main difficulty: error bounds in short time. Indeed:

If(Xt) - f(Yf)I S [f]Lip‘Xt — Ytl
[f(Xe) = f(Ye)] < 772

o We investigate dty bounds in short time for general SDEs:

Pierre BRAS Adaptive Gradient Langevin Algorithms
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Convergence of Langevin algorithms
-

Total variation case

@ Proofs are similar with Wj distance.

o Main difficulty: error bounds in short time. Indeed:
|f(Xt) — f(Yt)| < [f]Lip‘Xt — Yt‘ if fis LipSChitZ.
[F(Xe) — F(Ye)| < 7?77 if £ is bounded.

o We investigate dty bounds in short time for general SDEs:

For dXt = b](Xt)dt + Ul(Xt)th, dyt = bz(Yt)dt + Uz(Yt)th,
Xo = Yo, 01(Xo) = 02(Y0),

then
dTV(Xt7 Yt) < Ct1/2ec\/log(1/t)v

o Pierre Bras, Gilles Pagés, and Fabien Panloup. Total variation distance between
two diffusions in small time with unbounded drift: application to the
Euler-Maruyama scheme.. Electron. J. Probab., 27:1-19, 2022.

Pierre BRAS Adaptive Gradient Langevin Algorithms

42/73



Convergence of Langevin algorithms
(J

These result uses:

Let Z; and Z, be two random vectors admitting densities p; and pp. Then

1/(2r+1)
drv(Z1, Z2) < Co, Wh(Zy, Z5)?/ 1) (/d IV pr (I + IV p2(E)II) d&)
R
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Convergence of Langevin algorithms
-

© Convergence of adaptive Langevin-Simulated Annealing algorithms

o Convergence rates of Gibbs measures with degenerate minimum
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Convergence of Langevin algorithms
o

o To get the convergence of Langevin algorithms, we need the convergence of
D(va,v*), a—0,
va(x) o exp (=2 V(x)/a2) ,

v* = lim v,.
a—0

o It is known to be of order a if argmin(V) is finite and V2V/(x) > 0 for all
x* € argmin(V) (Hwang, 1980, 1981). Then

= (Zdet(V2V(X,*))_1/2> Zdet(vz )26,
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Convergence of Langevin algorithms
o

o To get the convergence of Langevin algorithms, we need the convergence of
D(va,v*), a—0,
va(x) o exp (=2 V(x)/a2) ,
V= alij]o Va-
o It is known to be of order a if argmin(V) is finite and V2V/(x) > 0 for all
x* € argmin(V) (Hwang, 1980, 1981). Then

-1
vt = (Z det(Vzv(x,-*))‘W) > det(V2V(x)) M35,

o We investigate the case where argmin(V) is finite with degenerate minimum.
o This happens in practice when training over-parametrized neural networks
(Sagun, Bottou, and LeCun, 2016):

BRI AL A0 LA A A L R AL
1072 107° 107® 107 107% 105 107% 1072 1072 1071

Figure: Distribution of the eigenvalues of the Hessian matrix at the end of training of a neural
network on the MNIST dataset.
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Convergence of Langevin algorithms Langevin for NN
ooe )

Considering recursively the spaces of cancellation of V2%V, we obtain:

Assume that argmin(V) = {x*}. Define (Fj) recursively as
Fo=R?, Fr={h€ Fi_y: Vh € Fr_y, V*V(x*)- h® H®*"1 =0}

and Ej the orthogonal complement of Fy in F,_;. Let B a basis adapted to
RY = E; &+ ® Ep and a; = 1/(2)) on the subspace Ej, then if X ~ va:

1 1
(2a1""’ 2ad)*(B_l-(Xazfx*))HX as a — 0, in law,
a a

where X has a density proportional to e=8(*) with

2p
1 k . )
0= X (" )YV e (B0 @ 0p, (B-x).
k=2 """ iy {0, k} TP
it ip=k
%+..4+%:
V.
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00000

Considering recursively the spaces of cancellation of V2%V, we obtain:

Assume that argmin(V) = {x*}. Define (Fj) recursively as
Fo=R?, Fr={h€ Fi_y: Vh € Fr_y, V*V(x*)- h® H®*"1 =0}

and Ej the orthogonal complement of Fy in F,_;. Let B a basis adapted to
RY = E; &+ ® Ep and a; = 1/(2)) on the subspace Ej, then if X ~ va:

1 1
(2a1""’ 2ad)*(B_l-(Xazfx*))HX as a — 0, in law,
a a

where X has a density proportional to e=8(*) with

2p
1 k . )
0= X (" )YV e (B0 @ 0p, (B-x).
k=2 """ iy {0, k} TP
it ip=k
%+..4+;lp:

== For j such that 2/ is the maximum order of degeneracy of V2 V(x*), then
D(va, v*) is of order al/i.

Pierre Bras. Convergence rates of Gibbs measures with degenerate minimum.
Bernoulli, 28(4):2431 — 2458, 2022, (extension of (Athreya and Hwang, 2010)).
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Langevin for NN
-

Outline

© Adaptive Langevin algorithms for Neural Networks
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Langevin for NN
-

Outline

© Adaptive Langevin algorithms for Neural Networks
@ Langevin versus non-Langevin for very deep learning
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Langevin for NN
-

Preconditioned Langevin Gradient Descent

Preconditioned Langevin Gradient Descent (Li et al., 2016)

For some preconditioner rule P,.; depending on the previous updates of the gradient
(gn = VV(0,)) and o > 0:

Preconditioned Gradient Descent: 6,11 = 0n — Yn+1Pn+1 * 8nt1,
Preconditioned Langevin: 0p+1 = 60p — Yn+1Pnt1 - nt1+0/Fnr1N (0, Pag1)
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Langevin for NN
-

Preconditioned Langevin Gradient Descent

Preconditioned Langevin Gradient Descent (Li et al., 2016)

For some preconditioner rule P,.; depending on the previous updates of the gradient
(gn = VV(0,)) and o > 0:

Preconditioned Gradient Descent: 6,11 = 0n — Yn+1Pn+1 * 8nt1,
Preconditioned Langevin: 0p+1 = 60p — Yn+1Pnt1 - nt1+0/Fnr1N (0, Pag1)

@ Per-dimension adaptive step size.

@ Adding noise is known to improve the learning in some cases. (Neelakantan et al.,
2015; Anirudh Bhardwaj, 2019; Gulcehre et al., 2016)
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Langevin for NN
-

Examples of gradient algorithms

Algorithm Adam (Kingma and Ba,

2015 " -
) Algorithm RMSprop (Tieleman and

Parameters: S, 82, > 0 Hinton, 2012)
Mn+1 = 1M, + (1 — B )gn+1
MS,11 = B2 MS,, +(1 — B2)gn+1 © gn+1 Parameters: a, A > 0
M1 = Mpya /(1 — BIY) MSpi1 = aMS; +(1 — )gnia © 8ot
MSnia = MSpia /(1 — B3HY) Paiz = diag (1@ (AL + /MSyiz) )
Ppir = diag (1 @ (AL + /l\//I\S,,H)) Ony1 = 0n — Y11 Poia - gnta

Ont1 = On — Ynta Pnr1 - Mpya.

Algorithm Adadelta (Zeiler, 2012)
Parameters: (31,582, A >0
MS,11 = B1 MS, +(1 — B1)gns1 © Ent1

Poya = diag (AL + MS,) @ (AL + \/M5,))
9/,51 =6n — Ynt1Pnt1 - Gnr1-
MSpi1 = B2 MS; +(1 — B2)(0nr1 — 0n) © (Ons1 — On).
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Langevin for NN
-

Training very deep Neural Networks

o Very deep neural networks are crucial, in particular in image classification (He
et al., 2016).

@ However much more difficult to train: much more "non-linear", local traps,
vanishing gradients (Dauphin et al., 2014).

o (Neelakantan et al., 2015): hints that noisy optimizers bring more improvements.

2 x 2 pool
2 x 2 pool
dense, 4096 units
dense, 4096 units
dense, classes units

Size:224 x 224 Size:112 x 112 Size:56 x 56 Size:28 x 28 Size:14 x 14 Size:1

Figure: Architecture of the VGG-16 network for an input image of size 224 x 224,
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Langevin for NN
®

We compare Preconditioned Langevin optimizers with their non-Langevin counterparts

while increasing the depth of the networkon the MNIST, CIFAR-10 and CIFAR-100
datasets.

Pierre Bras. Langevin algorithms for very deep Neural Networks with application to
image classification. Procedia Computer Science, 222:303 — 310, 2023.

Figure: MNIST image dataset Figure: CIFAR-10 image dataset
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Langevin for NN
-

Results for dense (fully connected) networks

—e— RMSprop ::--e-::- L-RMSprop
- —4=- Adam =-:@-. L-Adam

Test accuracy Train loss
0.2
0.15
0.1
5.1072
1
0.8
0.6
0.4
0.2
0
2
1.5
1
0.5
) 0
1 T o e._.0" e
s 0ol e tREITN “Bog ’
s O o P tianr i N ~8 e o
S oa|  _esTEE TN Lo T o e e SR T SO Y
| ae®m - » [ o o -
02 Lgg o4y . . ‘ b
0 5 10 15 0 5 10 15

Epochs Epochs

Figure: Training of neural networks of various depths on the MNIST dataset using Langevin
algorithms compared with their non-langevin counterparts. (a): 3 hidden layers, (b): 20 hidden
layers, (c): 30 hidden layers, (d): 40 hidden layers.
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Langevin for NN
-

Layer Langevin Algorithm

Idea: The deepest layers of the network bear the most non-linearities —> are more
subject to Langevin optimization

Layer Langevin Algorithm

95,21 =0 — yora[Prs1 - gra]® + Lie 70/ Ynt1 [N(O, Pn+1)](i),

where J: subset of weight indices; P,: preconditioner.

We choose J to be the first k layers.

e Hypoelliptic Langevin diffusion (Hu and Spiliopoulos, 2017)
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An example of Layer Langevin optimization
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0 5 10 15 20 0 5 10 15 20
Epochs Epochs

Figure: Layer Langevin comparison on a dense neural network with 30 hidden layers on the MNIST
dataset.
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Application to deep architectures for image classification

o Typical architecture in image recognition: Succession of convolutional layers with
non-linearities (ReLU) (Simonyan and Zisserman, 2015)

@ Residual connections: each layer behaves in part like the identity layer to pass the
information through the successive layers (He et al., 2016; Huang et al., 2017).

AN AN AV
7 ReLU] 4 ReLU”

Figure: ResNet elementary block
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Layer Langevin for training of ResNet-20

Test accuracy Train loss

CIFAR-10
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Outline

© Adaptive Langevin algorithms for Neural Networks

o Langevin algorithms for Markovian Neural Networks and Deep Stochastic control
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°

Stochastic control

-
min J(u) i= E [/ G(Va)dt + F(vr)|

u 0
dyt = b(Yt, th)dtJr 0'(’/1‘7 U1:)th7 te [0, —I—]7

G: path-dependent return, F: final return, us: control, Y;: trajectory.
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Discretization and numerical scheme

Euler-Maruyama scheme

N—-1

min J(dg) = E[ 3 (ter — ) G(VE,,) + F(VEN)],
k=0

Y0

thpr = Y + (tis1 — ti)b(Y, tk,uk G(Y ) + V1 — o (Y tkvukG (¢ °)) k1,
& N./\/’(O,Idz) iid.

o Time discretization of [0, T]: t, := kT /N, k€ {0,...,N}, h:=T/N.

o Control v with parameter 6 using either one time-dependant neural network
either N distinct neural networks: uy, = dg(tk, Yy, ) or wur = Ugk(Ye,)
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-

Discretization and numerical scheme

Euler-Maruyama scheme

N—1
min J(dg) = E[ 3 (ter — ) G(VE,,) + F(VEN)],
k=0
Yfi“ = Y + (ter1 — te)b(Y, tk,uk G(Y ) + V1 — to (Y, tkvukG (¢ °)) k1,

& N./\/’(O,Idz) iid.

o Time discretization of [0, T]: t, := kT /N, k€ {0,...,N}, h:=T/N.

o Control v with parameter 6 using either one time-dependant neural network
either N distinct neural networks: uy, = dg(tk, Yy, ) or wur = Ugk(Ye,)

o We refer to (Gobet and Munos, 2005; Han and E, 2016).

o The gradient is computed by recursively tracking the dependency of along the
trajectory (Giles and Glasserman, 2005; Giles, 2007).

o Pierre Bras and Gilles Pagés. Langevin algorithms for Markovian Neural Networks
and Deep Stochastic control. IJCNN23 Proceedings, 2023.
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Langevin for NN

Figure: Markovian neural network with one control for every time step. Layer Langevin
algorithms can be used in this case.
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Fishing quotas, (Lauriére, Pagés, and Pironneau, 2023)

Fish biomass Y; € R% with:
@ Inter-species interaction x Y}

o Fishing following imposed quotas u;

o Objective: keep Y: close to an ideal state ).

Figure: Source: Unsplash

dYt = Yt * ((I’ — U — HYt)dt+ ’I’]th)

d
Ju) =E [ 0¥ = 91 = oy + pla®T
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Langevin for NN  Con clusion

We aim to replicate some payoff Z defined on some
portfolio S by trading some of the assets with trans-
action costs; the control u; is the amount of held
assets. The objective is

Figure: Source: Unsplash

N—-1 N
Ju)=v -2+ Z(ufkvsfk+1 — Sy) — Z(thstk * |uy, — ug_4[)
k=0 k=0

trading transaction costs

where v is a convex risk measure.
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Model on (S¢)

N-1 N
J(u) =v <Z + Z(ufk75tk+1 —Su) — Z(Ctr: St * |uy, — ”tk1|>>

k=0 k=0

o We consider a multi-dimensional Heston model (1 </ < d):

dst’ = /vistidBi,
dVi =al(b' — V])dt +ni/VidWi, (W' By, = pt.

e V is not tradable directly but through swap options:

. T . t . . .
S = E U Vs’ds‘ ft] =/ Vids + Li(t, Vi),
0 0

Ut v) = Y =b (1 - ea'(T—f)) L H(T —t).

al

o Call payoff:
dy )
zZ=> (s =K',
i=1
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Results for Deep Hedging

08 : : ,
:: Adadelta
:; susmens L-Adadelta
0.7 |- | i
=
=
=
0.6 |
0.5 |-
| | | | | | 04 L | |
0 20 40 20 40 60 80 100 O 20 40

Epochs

Figure: Comparison of algorithms with N = 30, 50, 50 respectively

Table: Best performance

Adam, N =30 Adam, N =50 Adadelta, N =50
Vanilla 0.4448 0.6355 0.4671
Langevin 0.4306 0.4182 0.3773
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; ; ; ; ; ;
vl T adem ——  RMSprop Adadelta
e L-Adam 4 sem L-RMSprop .l L-Adadelta
1.2 = === LL-Adam 30% = === LL-RMSprop 30% = === LL-Adadelta 30%
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S 1
=
Py
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Figure: Training of the deep hedging problem with multiple controls with N = 10

Table: Best performance

Adam RMSprop  Adadelta

Vanilla 0.7278 0.5618 1.2900

Langevin 0.6626 0.4441 0.9250

Layer Langevin 30%  0.6004 0.4102 0.8554
Layer Langevin 90%  0.6377 - -
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Outline

@ Conclusion and perspectives

Pierre BRAS Adaptive Gradient Langevin Algorithms



Conclusion
a

Conclusion

@ A wide range of problems can be tackled with optimization methods and gradient
descent, while neural networks help to approximate the solution function.
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Conclusion

@ A wide range of problems can be tackled with optimization methods and gradient
descent, while neural networks help to approximate the solution function.

@ We prove the convergence of Langevin algorithms with multiplicative noise and
give theoretical guarantees, whereas these algorithms has been used by
practitioners without theory.

o We give theoretical founding including degenerate minimum cases.

@ We prove the interest of Langevin or Layer Langevin algorithms for various
problems, involving very deep learning.
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Thank you for your attention !
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